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This thesis is concerned with the investigation of a portion of the theory in probabilis-

tic machine learning in order to create new models/algorithms. In this process, we

established some building blocks for composing novelties: probabilistic distributions,

probabilistic models/tasks, and relationships between the models, e.g. turning on/off

the linear/non-linear character of a model. Picking a distribution and a model/task

can result in a new research idea that can be augmented with extra directions: to use

the model in a different context than the one in which it is usually used or to pick a

relationship through which you turn the chosen model into another one. By doing so, we

have obtained five applications, all having common properties, i.e. each of them creates

a new model/algorithm, uses maximum likelihood estimation for training/learning, and

has an experimentation part. If the first application refers to a traditional approach

to density estimation in the context of semantic image inpainting, the second one cre-

ates the supervised counterpart of factor analysis—a pre-existing unsupervised machine

learning model—, links it to linear regression, and creates semisupervised and missing-

data versions of this counterpart. Two other applications involve adding non-linearities

to the Gaussian mixture model via neural networks directly or by using a normalizing

flow model. Another application regards the autoencoder as a discriminative model and

uses distributions different from the normal distribution. Regarding the implementation

which is public, four applications are written in Python using TensorFlow (and implic-

itly automatic differentiation) and TensorFlow Probability, and the application related

to factor analysis is written in R and does not use automatic differentiation. As for the

results, we do not necessarily beat the state-of-the-art performances, but we consider

their presentation relevant for knowing how our models behave in comparison to other

pieces of related work in terms of metrics and advantages/disadvantages.

Keywords: Probabilistic Machine Learning, Discriminative/Generative Models, Proba-

bilistic Distributions, Linear/Non-linear Models, Maximum Likelihood Estimation, Sys-

tematization
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Contributions and Thesis Structure

Each chapter of the thesis has a corresponding homonymous chapter in this summary.

When referring to the contributions of this thesis, we are compelled to mention two key-

words: systematization and MLE. The systematization of different concepts in (proba-

bilistic) machine learning was our basis for constructing the paths to our research. MLE

stands for maximum likelihood estimation [15, sec. 4.2], and each model we created

in our research was trained/learned using this principle. Another possible title for our

thesis would have been “Applications of Maximum Likelihood Estimation” which again

stresses the importance of the MLE pillar in our research.

The contributions presented in this thesis revolve around the probabilistic machine learn-

ing field, as expected from the title. The structure of this thesis is as follows.

• The next chapter (chapter 1) is an introduction to probabilistic machine learning.

• Each chapter from chapter 2 to chapter 6 corresponds to a contribution, as listed

in Table 1.

• The last chapter (chapter 7) concludes this thesis.

Table 1 shows a high-level view of the contributions. Each contribution is considered to

be a combination of three aspects:

I. Original probabilistic model/task: an existing probabilistic model/task which is

the starting point of the research in that chapter

II. Distribution: we set a distribution or a mixture of distributions to use in our

research
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III. Novelty: different axes on which we can test the novelty of our research.

Each chapter of the thesis contains granular contributions: experiments (organization,

tables, figures), links to code (experimentation code—chapter 2, chapter 4, chapter 5,

chapter 6—or library—chapter 3), and theoretical propositions (chapter 3).

Furthermore, the organization in Table 1 can also be interpreted as a framework to

create new research ideas: one needs to set I and II and to have at least a check mark

in the novelty part (III).

 

Contribution 

I. Original probabilistic... II. Distribution III. Novelty 

... model ... task Name 

Number of 
distributions 

in the 
mixture 

(1=there is no 
mixture) 

The combination 
model/task 

x 
distribution 

(x methodology) 
is novel? 

Uses the 
original 

model/task 
in a novel 
context? 

Converts the 
original model/task 

to be 
supervised 

/ 
unsupervised? 

Converts the 
original 

model/task to be 
linear 

/ 
non-linear? 

Chapter 2  density 
estimation 

PixelCNN++ 
(an 

autoregressive 
model) 1 

2 

  
semantic 

image 
inpainting 

  
Multivariate 

normal  

Matrix normal  

Chapter 3 FA 
Probabilistic PCA 

dimensionality 
reduction 

The distribution(s) in the 
original model   

 
supervised 

(dimensionality 
reduction turns into 

regression) 

 

Chapter 4 GMM 
(k-means) clustering 

Multivariate 
normal 

the (already 
known) 

number of 
clusters in the 

dataset 

 

  

 
non-linear 

(beyond 
quadratic) via 

neural networks 

Multivariate 
Cauchy  

Chapter 5 

Autoencoder 
(viewed as a 

discriminative 
probabilistic 

model) 

dimensionality 
reduction 

Multivariate 
normal 

1 
10 

 

   

Multivariate t  

MAF 
(an NF model)  

Matrix normal  

Matrix t  

(we compared 
the model also 

to a VAE) 
 

Chapter 6 (GMM) 
density 

estimation and 
clustering 

Multivariate 
normal the (already 

known) 
number of 

clusters in the 
dataset 

 

  

 
non-linear 

(beyond 
quadratic) via NFs 

(implicitly via 
neural networks) 

MAF 
(an NF model)  

Table 1: Contributions and thesis structure
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Chapter 1
Introduction to Probabilistic Machine

Learning

Probabilistic machine learning encompasses all the machine learning algorithms that use

probabilities. Although a wide range of algorithms does so, our focus will be on prob-

ability distributions (classic—e.g. Gaussian distribution [13, sec. 2.4.1]—and modern)

and their use in machine learning algorithms. When we say modern distributions, we

refer to distributions that arose from the deep learning community. These distributions

are from the category called deep generative models to which the following belong: au-

toregressive models [2, lecture 3], variational autoencoders (VAE) [8], normalizing flow

(NF) models [2, lecture 7], and generative adversarial networks (GAN) [4].

Keywords: Probabilistic Machine Learning, Distributions, Gaussian, Autoregressive,

VAE, Normalizing Flow, GAN

Machine learning algorithms can be classified as probabilistic and non-probabilistic,

depending on whether they do or do not use probabilities. Although the book Machine

Learning: A Probabilistic Perspective [13], by Kevin Murphy, tackles this subject in an

extensive manner, after 2012 (the year that the book was published) new probabilistic

machine learning algorithms appeared.1 Those are often referred to as deep generative

models. As a result, there is a multitude of probabilistic machine learning models, but

we will try to treat in the thesis just the subjects with which our research is concerned:

• probability basics,

• classic models,

1This is an important reason why the author, Kevin Murphy, has recently updated and extended his
original book, Machine Learning: A Probabilistic Perspective, into two new ones: [15] and [14].
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• modern models.

The reasons why we started to study probabilistic (interpretations of) machine learning

models—as opposed to non-probabilistic ones—are multiple. These models can be used

in (after [13, sec. 8.6.1] and [2, lecture 3]):

• density estimation

– plugging this (new) density/mass (probability density function or probability

mass function) in various situations:

∗ clustering

∗ output of a classic neural network

∗ etc.

– anomaly detection, e.g. fraud detection

– handling missing data

– handling unlabeled training data: semisupervised learning

• sampling (generating new data)

– data augmentation

• unsupervised representation learning

– dimensionality reduction

– latent space interpolation, e.g. image morphing from X to Y, from smiling

person X to non-smiling person X, etc.

Observation: not all these advantages apply to a single model! Some models have

some advantages, some models have others.

In the thesis, we presented the concepts we investigated in order to create a better view

of the probabilistic machine learning field. Since the field is very wide, the concepts we

chose serve just as an introduction. Nevertheless, this limited view helped us to organize

our ideas and to create paths of research in probabilistic machine learning. As a result,

we can systematize the probabilistic distributions in Table 1.1, the probabilistic tasks

in Figure 1.2, and the probabilistic models in Figures 1.3 and 1.4. These tables/figures

do not contain all the concepts presented in the thesis in this chapter, but only those

we considered crucial for this new system we composed. Regarding the last two figures

mentioned, for each model we indicated two algorithmic types:
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discrete continuous 
parametric parametric non-parametric 

with 2 
possible 
values 

(binary) 

with 2 or more 
possible 
values 

1-dimensional multi-dimensional 1-dimensional multi-dimensional 

classic Bernoulli Categorical 

Normal Multivariate 
Normal 

Gaussian Process 
(needs inputs; outputs are  

1-dimensional; however, its 
hyperparameters are 
learnable via ML-II) 

others, not 
discussed in 
this chapter: 

e.g. t, 
Gamma, etc. 

others, not 
discussed in 
this chapter: 

e.g. 
multivariate t, 
matrix normal, 

etc. 

Kernel Density Estimation 
(KDE) 

modern - - - 

Autoregressive 
models: NADE, 

RNADE, etc. 
- 

Normalizing 
Flows (NFs): 

NICE, MAF, etc. 
 

Table 1.1: List of probabilistic distributions. Abbreviations: NADE—Neural Au-
toregressive Density Estimation, RNADE—Real-valued Neural Autoregressive Density
Estimator, NICE—Non-linear Independent Components Estimation, MAF—Masked

Autoregressive Flow

Probabilistic 
model/task

The properties of the 
probabilistic model/task

Relationship between two probabilistic 
models/tasks A and B

Going from A to B and from B to A changes 
one property of A and one property of B: 

these are written in this box

Figure 1.1: Interactions between probabilistic models/tasks: legend

Density estimationDensity estimation
unsupervised

Figure 1.2: Probabilistic tasks; see Figure 1.1 for the legend
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Logistic regression
supervised:classification

linear

Autoencoder
unsupervised:dim. reduction

non-linear

Neural networks 
for regression 
supervised:regression

non-linear

Linear regression 
supervised:regression

linear

Neural networks 
for classification 

supervised:classification
non-linear

supervised:classification
|

supervised:regression

supervised:classification
|

supervised:regression

supervised:classification
|

unsupervised:dim. red.

supervised:regression
|

unsupervised:dim. red.

linear
|

non-linear

linear
|

non-linear

kNN for regression 
supervised:regression

non-linear

Regression trees 
supervised:regression

non-linear

kNN for 
classification 

supervised:classification
non-linear

Decision trees 
supervised:classification

non-linear

supervised:classification
|

supervised:regression

supervised:classification
|

supervised:regression

Figure 1.3: Interactions between the discriminative [13, sec. 8.6] models; see Figure
1.1 for the legend. Abbreviations: kNN—k-Nearest Neighbors
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Naive/Joint Bayes
LDA/QDA

supervised:classification
linear or quadratic

VAE
unsupervised:dim. reduction

non-linear

FA/PPCA
unsupervised:dim. reduction

linear

GMM
unsupervised:clustering

linear or quadratic

supervised:classification
|

unsupervised:dim. red.

supervised:classification
|

unsupervised:clustering

linear
|

non-linear

unsupervised:clustering
|

unsupervised:dim. red.

Figure 1.4: Interactions between the generative [13, sec. 8.6] models; see Figure 1.1 for
the legend. Abbreviations: LDA—Linear Discriminant Analysis, QDA—Quadratic Dis-
criminant Analysis, GMM—Gaussian Mixture Model, FA—Factor Analysis, PPCA—

Probabilistic Principal Component Analysis, VAE—Variational AutoEncoder
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1. supervised:classification, supervised:regression, unsupervised:clustering, unsuper-

vised:dimensionality reduction

2. linear, non-linear.

For example (see Figure 1.4), FA (factor analysis) [16] [13, p. 381] is the counterpart

of Naive/Joint Bayes/LDA/QDA (naive Bayes [13, sec. 3.5]/joint Bayes/linear discrim-

inant analysis [13, sec. 4.2.2]/quadratic discriminant analysis [13, sec. 4.2.1]) from

the classification/dimensionality reduction point of view and the counterpart of GMM

(Gaussian Mixture Model) [13, sec. 11.2.1] from the clustering/dimensionality reduction

point of view.

Each one of the next chapters excluding the last one will consist of combining a list of

distributions with a probabilistic model/task and optionally of a new context (a new

task, transforming a model from one type to another, etc.) in which one can test this

combination.

In the final chapter we will revise Figures 1.1, 1.2, 1.3, and 1.4 to see what we managed

to add throughout the thesis.

The next chapter applies generative algorithms (or the density estimation task) to se-

mantic image inpainting; we compare the classic approach to the modern approach and

use, in both cases, the same meta-algorithm for image inpainting.
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Chapter 2
Semantic Image Inpainting via Maximum

Likelihood

In this chapter, we proposed a meta-algorithm for semantic image inpainting. It involves

setting a probabilistic distribution on images, learning the parameters of the distribution

from a training dataset through maximum likelihood, and, for an image with holes,

determining the optimal values of pixels that maximize the density/mass of the image.

We employed classic distributions (multivariate normal, matrix normal), modern ones

(PixelCNN++ [21]), and mixtures of distributions. We compared our results to one

representative in the literature for semantic image inpainting (Partial Convolution [10])

and to another one for non-semantic image inpainting (PatchMatch [1]). At least two

major results should be mentioned:

• generating new samples vs. inpainting: after the learning step, PixelCNN++

works well at sampling but poorly at inpainting in the manner we proposed; for

multivariate normal and matrix normal, this happens the other way around: they

work poorly at sampling but well at inpainting in the manner we proposed;

• faster experimentation vs. better visual results: we can experiment faster than

Partial Convolution with our meta-algorithm, but Partial Convolution returns the

best results in terms of visual quality.

When it comes to the advantages of our model compared to other inpainting algorithms,

we will highlight the following:

• our model is generic, i.e. we proposed a meta-algorithm that can be instantiated

by setting a parametric probabilistic distribution;
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• the training phase is straightforward, i.e. likelihood maximization;

• our model can be used to see in a timely manner if, for a given dataset, an in-

painting task can be learned because the training time is shorter than the time

necessary for training a Partial Convolution model.

The next chapter creates the supervised version of factor analysis (FA), simple-supervised

factor analysis (S2.FA), by using a classic approach, links this model to linear regression

(LR), and then extends S2.FA to semisupervised learning (S3.FA) and learning with

missing data (MS3.FA).
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Chapter 3
A Factor Analysis Perspective on Linear

Regression in the ‘More Predictors Than

Samples’ Case

In this chapter, we created the supervised counterpart (S2.FA) of factor analysis (FA)

[16] [13, p. 381]—a generative probabilistic machine learning model usually used in di-

mensionality reduction—and we employed it as a solution to the problem of applying

linear regression (LR) [13, ch. 7] when “D >> n”1. This was possible by proving a link

between S2.UncFA (an unconstrained version of S2.FA) and LR. Furthermore, since the

factor analysis model is generative, we managed to create versions supporting semisu-

pervised learning (S3.FA) and learning with missing data in the input (MS3.FA). In fact,

compared to other solutions (Moore-Penrose inverse and L2 regularization), this is the

advantage of our approach (S2.FA), i.e. that it is easily adaptable to all the following

scenarios: multi-output, semisupervised, and missing-data. The “S2.FA”, “S3.FA”, and

“MS3.FA” variants of factor analysis were compared with other algorithms (from the

literature) applicable in that specific context—regression (Moore-Penrose inverse, ridge

regression), semisupervised regression (label propagation [24]), and missing-data impu-

tation (mean imputation). Results on multi-output regression were reported as well. We

mark below whether the results suggest or not that a specific algorithm should be taken

into consideration as a candidate when one compares multiple algorithms on a dataset

in order to find the best model; “✓” means “positive suggestion, i.e. you should take it

into consideration” and “✗” means “negative suggestion, i.e. you should not take it into

consideration”:

1“D >> n” means “the number of input columns is greater than the number of rows”

9



• for regression: S2.FA ✓;

• for semisupervised regression: S3.FA ✗;

• for missing-data imputation: MS3.FA ✓.

The next chapter creates the non-linear version of GMM (Gaussian Mixture Model) [13,

sec. 11.2.1]/k-means [11] by adding neural networks.
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Chapter 4
Fixed Representatives and Variable

Features: From Regularized Deep

Clustering to Classic Clustering

In this chapter, we created a new clustering algorithm. We started from an approach

involving autoencoder-based deep clustering and ended with a simpler approach in-

volving vanilla-deep-neural-network-based deep clustering (although the neural network

architecture may be considered shallow). In order to obtain the final model, we added

regularization to the initial model by dropping components, by fixing the cluster repre-

sentatives. and by increasing the variance of the features in the new/mapped space. In

fact, compared to state-of-the-art deep clustering models, this is the advantage of our

approach, i.e. the regularization schemes we proposed are simple, new, and capable of

avoiding trivial/unsatisfactory solutions. Since our final model has many hyperparame-

ters, we have chosen four configurations (km1, km50, gmm1, cmm1) with which we have

experimented on four datasets. The results suggest that km50 and gmm1:

• are the best among these four configurations,

• are poorer than DKM (deep k-means) [3],

• have their clustering metrics close to the values obtained by k-means [11] and

EM/GMM1 [15, sec. 8.7.3] and surpass them in some cases.

The next chapter takes the autoencoder [15, sec. 20.3] model, views it as a discriminative

model, and uses probabilistic distributions other than the normal one.

1EM—Expectation Maximization; GMM—Gaussian Mixture Model

11



Chapter 5
Vanilla Probabilistic Autoencoder

We proposed in this chapter a new version of the autoencoder [15, sec. 20.3]. It involves

a probabilistic perspective on the autoencoder:

Xreconstructed|x ∼ Distribution(parameters = neural network(x)).

If “Distribution” is the normal distribution [13, sec. 2.4.1] with constant variance or with

a constant covariance matrix (its value is I—the identity matrix), then maximizing the

likelihood is the same as minimizing the MSE loss. If “Distribution” is the categorical

distribution [13, sec. 2.3.2], then maximizing the likelihood is the same as minimizing

the cross-entropy (CH) loss [22, 23]. We explored in this chapter multiple distribu-

tions: other normal distributions, t-distributions, MAF (masked autoregressive flow)

[18], matrix-based distributions, and mixtures [13, sec. 11.2]. The CNN (convolutional

neural network [15, ch. 14]) case does not provide suitable visual results. Compared to

the raw autoencoder, our model has the following advantages (for the MLP1 case):

• our 10-component mixture models can be considered for augmenting the dataset;

• a mixture of raw autoencoders obtains better visual results than just a single raw

autoencoder;

• for some distributions, the reconstructed image is returned along with a variance

image which is a visualization from the scale/covariance matrices and which can

be used in interpreting if a reconstructed pixel is reliable.

Two last takeaways would be the following:

1MLP—multilayer perceptron [15, sec. 13.2]

12



• if “Distribution” has a covariance/scale matrix that is neither constant nor diago-

nal, then the model requires more parameters, which translates into requirements

for more memory and long running time;

• the 10-component normal mixtures produce decent visual results even with con-

stant scale/covariance matrices.

The next chapter presents a non-linear version of GMM (Gaussian Mixture Model) [13,

sec. 11.2.1] by creating a mixture of NFs (normalizing flows [2, lecture 7]).

13



Chapter 6
Mixtures of Normalizing Flows

In this chapter, we proposed a new model by creating a mixture of normalizing flows1.

The fitting algorithm involves the maximization of the likelihood. Clustering has been

the machine learning problem investigated in the experiments. We used bidimensional

and image datasets and just one type of normalizing flow (the “MAF”2 model [18]). The

results were both visual and numeric. From the bidimensional datasets, the bottom line

is that our model returns more flexible probability distributions than a simple mixture

of normal distributions, which is an advantage of our model. From the image datasets,

our model surpasses or resembles EM/GMM3 [15, sec. 8.7.3] in some situations, but it

is not the best when it is compared to both k-means [11] and EM/GMM. Compared to

the variational mixture of normalizing flows [19], we may say we obtain similar results

on the MNIST5 dataset, but our advantage is that the learning phase does not involve

complex techniques, i.e. variational inference, but simple ones, i.e. direct log-likelihood

maximization.

The next chapter concludes the thesis.

1NFs—normalizing flows [2, lecture 7]
2MAF—Masked Autoregressive Flow
3EM—Expectation Maximization; GMM—Gaussian Mixture Model
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Chapter 7
Conclusions and Future Work

7.1 Conclusions

As we stated in the introductory chapters, we will review here some diagrams to highlight

our contributions: Figures 1.1, 1.2, 1.3, and 1.4 now become Figures 7.1, 7.2, 7.3,

and 7.4 respectively. The legend in Figure 7.1 tells us that the red color stands for

a model/task/relationship chosen by us and that the blue color stands for a new model

that we created. There are five blue nodes which correspond to our five contributions,

and for each we dedicated a chapter.

Figure 7.2 illustrates that we chose “Density estimation” twice as the original probabilis-

tic task: firstly, in order to create a semantic image inpainting model (chapter 2)

and, secondly, to create a mixture of normalizing flows (chapter 6).

When it comes to our meta-algorithm for semantic image inpainting, the normal dis-

tribution gives better visual results than the PixelCNN++ (an autoregressive model)

distribution and than PatchMatch (a state-of-the-art model in non-semantic image in-

painting). Compared to Partial Convolution (a state-of-the-art model in semantic image

inpainting), our inpainting via a normal distribution is faster at learning but returns

poorer visual results. An advantage of our model is that the training phase is straight-

forward: just maximize the likelihood of the data. Moreover, since the training time

is shorter than the time required for Partial Convolution, one can use our approach in

order to test if the inpainting task is learnable on a specific dataset. Furthermore, our

model is generic since it is a schema whose (hyper)parameter, given by the parametric

probabilistic distribution, dictates almost entirely its behavior.

When it comes to our mixture of normalizing flows, on bidimensional datasets we can

see that the shapes of densities expand beyond some ellipses, i.e. beyond the capabilities
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of a mixture of normal distributions, which is a sign of better expressiveness than the

one provided by a classic Gaussian mixture model. When our algorithm is applied on

images, this flexibility is not reflected in the computed metrics which are (just some-

times) similar to those obtained by EM/GMM. However, compared to the variational

mixture of normalizing flows (a candidate model from the literature), we obtain arguably

similar results on the MNIST5 dataset, but our training approach has the advantage of

being simpler since we directly maximized the log-likelihood of the data without using

variational inference.

Figure 7.3 illustrates that we chose “Autoencoder” as the original probabilistic model

in order to create the vanilla probabilistic autoencoder (chapter 5). Compared to

the raw autoencoder, our model has some advantages. It is able to return not only the

reconstructed input but also the variances associated to each reconstructed dimension if a

distribution with a covariance/scale matrix is used. Then, the model can be employed as

a data augmentation technique if a mixture of distributions is used. Moreover, a mixture

of raw autoencoders obtains better visual results than just a single raw autoencoder.

Figure 7.4 illustrates that we chose “FA/PPCA” with the “supervised:regression|un-
supervised:dim.red.” relationship (chapter 3) and “GMM” with the “linear|non-linear”
relationship (chapter 4 and chapter 6). Firstly, “S2.FA” is created as the supervised

(regression) counterpart of “FA/PPCA”; moreover, it can also be interpreted as the

counterpart of “Naive/Joint Bayes/LDA/QDA” from the classification/regression point

of view and as the counterpart of “GMM” from the clustering/regression point of view.

We proved that “S2.UncFA” (which is close to “S2.FA”) and linear regression were

mathematically equivalent from the prediction function perspective. We used “S2.FA” as

a new solution to the problem of adapting linear regression to the case when the number

of input columns is greater than the number of rows. Compared to other solutions

(Moore-Penrose inverse and L2 regularization), our approach has the advantage that

it is easily adaptable to all the following scenarios: multi-output, semisupervised, and

missing-data.

Secondly, “Fixed representatives...” is created as the non-linear counterpart of the

Gaussian mixture model. It can also be interpreted as a clustering counterpart of “VAE”

from the clustering/dimensionality reduction point of view. Here, we used neural net-

works to obtain the non-linear feature and started from a general deep clustering frame-

work. The results show that there are situations where we surpass the results obtained

by classic clustering algorithms. Compared to state-of-the-art deep clustering models,

although we obtain poorer results, the advantage of our model is that the regularization

schemes we proposed are simple, new, and capable of avoiding trivial/unsatisfactory
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solutions: fix the cluster representatives and maximize the variance of the features in

the mapped space.

Optionally, our mixture of normalizing flows (presented earlier in the context of

Figure 7.2) can be interpreted as a non-linear counterpart of “GMM”.

Chosen 
probabilistic 
model/task

Novel model 
developed from 

the chosen model

Probabilistic 
model/task

The properties of the 
probabilistic model/task

Relationship between two probabilistic 
models/tasks A and B

Going from A to B and from B to A changes 
one property of A and one property of B: 

these are written in this box
This type of arrow is less
common. It appears from a
chosen probabilistic
model/task to a novel
developed model only when
the arrows on the left cannot
be applied.

The same as above where:
A = a chosen probabilistic model/task

B = a novel developed model

Figure 7.1: Interactions between probabilistic models/tasks—with our contributions:
legend

In semantic image 
inpainting...

unsupervised

Density estimation
unsupervised

Mixtures of NFs

unsupervised

Mixtures of NFs
unsupervised:clustering

non‐linear

Figure 7.2: Interactions between probabilistic models/tasks—with our contributions;
see Figure 7.1 for the legend. Abbreviations: NFs—Normalizing Flows
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unsupervised:dim. reduction

non-linear

Neural networks 
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supervised:regression

non-linear

Linear regression 
supervised:regression
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for classification 

supervised:classification
non-linear

supervised:classification
|

supervised:regression

supervised:classification
|

supervised:regression

supervised:classification
|

unsupervised:dim. red.

supervised:regression
|

unsupervised:dim. red.

linear
|

non-linear
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|

non-linear
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supervised:regression

non-linear

Regression trees 
supervised:regression

non-linear

kNN for 
classification 

supervised:classification
non-linear

Decision trees 
supervised:classification

non-linear

supervised:classification
|

supervised:regression

supervised:classification
|

supervised:regression

Vanilla 
Probabilistic 
Autoencoder 

unsupervised:dim. reduction
non-linear

Figure 7.3: Interactions between the discriminative [13, sec. 8.6] models—with our
contributions; see Figure 7.1 for the legend. Abbreviations: kNN—k-Nearest Neighbors
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Naive/Joint Bayes
LDA/QDA
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linear or quadratic

VAE
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unsupervised:dim. reduction
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linear or quadratic
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|
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|
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|
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|
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S2.FA
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supervised:regression
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|
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|
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Figure 7.4: Interactions between the generative [13, sec. 8.6] models—with our con-
tributions; see Figure 7.1 for the legend. Abbreviations: LDA—Linear Discriminant
Analysis, QDA—Quadratic Discriminant Analysis, GMM—Gaussian Mixture Model,
FA—Factor Analysis, PPCA—Probabilistic Principal Component Analysis, VAE—
Variational AutoEncoder, NFs—Normalizing Flows, S2.FA—Simple-Supervised Factor

Analysis
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7.2 Future Work

As for future work, each chapter from the thesis contains work that can be done on that

specific model. Here we present ideas that apply to the probabilistic machine learning

field in general:

• In order to create new models, one can pick other starting models/tasks, not those

we chose and marked with red.

• The list of distributions can be extended with other distributions, e.g. new nor-

malizing flow models as they arise in the literature or a vector of 1-dimensional

independent distributions (e.g. Gamma).

• The list of probabilistic models/tasks can be extended, e.g. with an HMM (Hidden

Markov Model) [13, sec. 10.2.2], an ICA (Independent Component Analysis) [17]

model, or energy-based models [14, ch. 23] which were not discussed in the thesis.

• One can add other algorithmic types in Figures 7.3 and 7.4, e.g. if you consider

adding the HMM to your list of models, then a new suitable algorithmic type

would be sequential/non-sequential and there would be a relationship, between

GMM and HMM, which turns on/off the sequential property.

• One can use the models in different contexts, other than image inpainting and

switching on/off the properties of pre-existing machine learning algorithms.

• One can go from pure MLE (Maximum Likelihood Estimation) [15, sec. 4.2] to

a Bayesian approach [13, ch. 5], starting with the MAP (Maximum A Posteriori)

[13, sec. 5.2] estimate.

• One can create autoregressive models that have multivariate conditional probabil-

ities.

• One can combine deep generative models as in (after [2, lecture 16]): PixelVAE

[6], autoregressive flows [7], VAE+NF [20, 9], FlowGAN [5] (losses combination:

NF+GAN), adversarial autoencoder [12] (losses combination: VAE+GAN).
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